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ABSTRACT
In 2D-simulations of self-gravitating gaseous discs, the potential is often computed in the framework of ”softened gravity” initially
designed for N-body codes. In this special context, the role of the softening length λ is twofold: i) to avoid numerical singularities in
the integral representation of the potential (i.e., arising when the separation |r − r′| → 0), and ii) to acount for stratification of matter
in the direction perpendicular to the disc mid-plane. So far, most studies have considered λ as a free parameter and various values or
formulae have been proposed without much mathematical justification. In this paper, we demonstrate by means of a rigorous calculus
that it is possible to define λ such that the gravitational potential of a flat disc coincides at order zero with that of a geometically thin
disc of the same surface density. Our prescription for λ, valid in the local, axisymmetric limit, has the required properties i) and ii). It
is mainly an analytical function of the radius and disc thickness, and is sensitive to the vertical stratification. For mass density profiles
considered (namely, profiles expandable over even powers of the altitude), we find that λ : i) is independant of the numerical mesh,
ii) is always a fraction of the local thickness H, iii) goes through a minimum at the singularity (i.e., at null separation), and iv) is such
that 0.13 . λ/H . 0.29 typically (depending on the separation and on density profile). These results should help us to improve the
quality of 2D- and 3D-simulations of gaseous discs in several respects (physical realism, accuracy, and computing time).
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1. Introduction
The computation of gravitational potentials and forces is a criti-
cal step in many astrophysical problems where gravity plays an
important role. Because Newton’s law of gravitation diverges as
the relative separation |ri − r j| between particles vanishes, one
classically adds a positive constant λ referred as the “soften-
ing length”. This technique of singularity avoidance, initially
developped to prevent binary collisions and particle evapora-
tion in N-body simulations, has led to the concept of “soft-
ened gravity” (Hockney & Eastwood 1988; Anthony & Carlberg
1988; Sommer-Larsen et al. 1998; Nelson 2006). Soon, people
realized that the use of a softening length introduces a notice-
able bias in models, especially for the stability properties of
stellar systems, and there have been several attempts to search
for the most appropriate λ-value (e.g., Romeo 1994, 1997;
Sommer-Larsen et al. 1998; Dehnen 2001).
Softened gravity has also been employed in the compu-
tation of the gravitational potential of gaseous discs (e.g.,
Papaloizou & Lin 1989; Adams et al. 1989; Saio & Yoshii 1990;
Shu et al. 1990; Morishima & Saio 1994; Sterzik et al. 1995;
Laughlin et al. 1997, 1998; Tremaine 2001; Caunt & Tagger
2001; Baruteau & Masset 2008; Li et al. 2009) with the addi-
tional justification that the softening length takes into account
the vertical stratification of matter. Various prescriptions, gener-
ally in the form of a function of the cylindrical radius and/or of
the disc parameters, have been adopted (see references above)
without convergence towards a “universal formula”. As for sys-
tems of particles, it is recognized that the softening length can
Send offprint requests to: jean-marc.hure@obs.u-bordeaux1.fr
dramatically affect the stability of gaseous discs (again, see ref-
erences hereabove). It is therefore fundamental to ask i) whether
or not softened gravity can definitively help to determine or
mimic the Newtonian potential of a gaseous disc with a cer-
tain level of accuracy, and ii) eventually which formula — if
one exists — is the most appropriate. This is the aim of this pa-
per. By equating the softened potential of a flat disc to that of a
geometrically thin disc, we find that we can define a softening
length λ which has the required properties. We therefore report
the first reliable formula for the softening length on the basis of
approximate but rigorous calculus. In the axisymmetric limit, λ
is found to be a sharp function of the relative separation |r − r′|;
it is a fraction (of the order of 12e at the singularity) of the disc lo-
cal thickness (see also Hure´ & Pierens 2006; Baruteau & Masset
2008), and it does not depend on the numerical resolution (see
Li et al. 2009). The formula, easy to implement into hydrody-
namical codes of self-gravitating 2D- and 3D-discs, will enable
to increase the degree of reaslim of simulations, both by preserv-
ing the Newtonian character of the potential and force field, and
by accounting for the vertical structure.
The paper is organized as follows. In Sect. 2, we recall the
expression for the midplane gravitational potential of a geomet-
rically thin disc as well as that of a flat (i.e., zero thickness) disc.
Because of the hypothesis of axial symmetry, the integral ker-
nel contains a complete elliptic integral of the first kind that can
be appropriately expanded at the singularity |r − r′| = 0 and
its neighborhood. In Sect. 3, we estimate the effect of vertical
stratification by performing the analytical integration along the
z-direction. Various mass density profiles corresponding to fi-
nite size discs are considered, namely the homogeneous case and
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mixtures of even powers of the altitude. In Sect. 4, we show that
this calculus naturally leads to a local prescription for the soften-
ing length λ. We present a table showing the great diversity (and
incoherence) of prescriptions used so far and derive the general
relation for λ. We discuss the sensitivity of the softening length
to the separation and disc aspect ratio. In Sect. 5, we summarize
the results and suggest a few possible extensions and generaliza-
tions of this work.
2. Mid-plane gravitational potential in both flat discs
and geometrically thin discs : local treatment.
2.1. Notation and background
We consider two axially symmetric discs (see Fig. 1) : i) a flat
(i.e., zero thickness) disc with inner edge ain, outer edge aout, and
total surface density Σtot; and ii) a geometrically thin disc with
the same edges and same total surface density, but local thick-
ness H = 2h > 0. For the geometrically thin disc, the condition
(H
a
)2
≪ 1 (1)
is assumed at any radius a ∈ [ain, aout] (Pringle 1981). Moreover,
we have ∫ z+
z−
ρ(z)dz = Σtot, (2)
where ρ is the mass density at the altitude z from the mid-plane,
z− is the altitude of the bottom of the disc, and z+ = z−+2h is for
the top. In general, ρ, Σtot, z−, and h are expected to depend on
the radius a. In the following, we shall also consider symmetry
with respect to the mid-plane, which is the case in most disc
models (not true for warped discs for instance). This means that
z− + z+ = 0, and z+ = h. For z+ → 0 for all a, the two discs
therefore become equivalent.
aout
z +
a in
−z
a flat disc
O
z a geometrically thin disc
H=2h
a,R
Fig. 1. A flat disc and a geometrically thin disc, axially symmet-
ric and symmetric with respect to the mid-plane. The disc edges
are ain and aout, h is the semi-thickness, Σtot is the total surface
density, and a and R are cylindrical radii.
For the thin disc, the mid-plane gravitational potential at ra-
dius R is given by the double integral (e.g. Durand 1953)
Ψthin(R) = −2G
∫ aout
ain
√
a
R
da
∫ h
−h
ρkK(k)dz, (3)
where
k = 2
√
aR√
(a + R)2 + z2
(4)
is the modulus and K is the complete elliptic integral of the first
kind (Legendre form). For the flat disc, we have ρ(z) = Σtotδ(z)
everywhere. Consequently, the potential at radius R is
Ψflat(R) = −2G
∫ aout
ain
√
a
R
ΣtotmK(m)da, (5)
where
m =
2
√
aR
a + R
(6)
is the associated modulus (note that k = m for z = 0). Both Eqs.
3 and 5 involve a logarithmic singularity when the modulus of
the elliptic integral approaches unity. In spite of this divergence,
the potential is generally finite at any radius. It is interesting to
see that Eq. 3 can also be written as
Ψthin(R) = −2G
∫ aout
ain
√
a
R
Σtotχda, (7)
where
Σtotχ =
∫ h
−h
ρkK(k)dz. (8)
Clearly, χ is a function of a, R, and h and contains the effects
of vertical stratification. So, if χ is known preliminarily at all
radii and for a given disc structure (edges, thickness, mass den-
sity profile), Ψthin is found from a single integral over the ra-
dius (as for Ψflat). It is therefore advantageous to have a one-
dimensional formula that describes a bi-dimensional distribu-
tion of matter (in the axially symmetric case), especially in terms
of computing time. By comparing Eqs. 5 and 7, it is tempting to
set χ = msK(ms), where ms is a certain modulus to be determined
(see Sect. 4).
2.2. Expansion around the singularity
The presence of the function K does not allow us to derive χ
analytically for any mass density distribution. The expansion of
K(k) appropriate for treating the logarithmic singularity is (e.g.
Gradshteyn & Ryzhik 1965)
K(k) =
∞∑
n=0
βnPn(k′)k′2n, (9)
where k′ =
√
1 − k2 is the complementary modulus, and
P0 = ln 4k′ ,
Pn+1(k′) = Pn(k′) − 1(2n+1)(n+1) , for n ≥ 0,
β0 = 1,
βn+1 =
[ (2n+1)!!
2(n+1)!!
]2
, for n ≥ 0.
(10)
By construction, this expansion is efficient when k′ → 0, which
corresponds to k → 1. It can be shown that the condition k′2 ≪ 1
implies that (
h
a + R
)2
≪ 1, (11)
and |R − a|
h ≪
a
h . (12)
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The first inequality is automatically fulfilled within the geometri-
cally thin disc approximation (see Eq. 1). The second inequality
means that the present calculus is valid only at the singularity
R = a and for a few disc thicknesses in radius. This is precisely
the radial domain where the numerical determination of Ψthin is
tricky (e.g., Stemwedel et al. 1990), because of the divergence
of K(k). We note that there is no special constraint on the local
shape h(a) of the disc provided that this remains geometrically
thin.
To the lowest order, K(k) ≈ ln 4k′ and k ≈ 1, and Eq. 8 be-
comes :
Σtotχ ≈ 2
∫ h
0
ρ ln 4k′ dz, (13)
with an error of O(k′2 ln k′).
3. Effect of vertical stratification : an estimate of the
χ-function
3.1. Vertically homogeneous discs
We can estimate χ from Eq.13 in a few particular cases, for in-
stance when the disc is vertically homogeneous (χ is denoted χ0
in this case). If ρ does not depend on z, then Σtot = 2ρh ≡ Σ0 and
we find that
χ0 = ln 4 − ln k′± − ln f0, (14)
where 
k′±2 =
(a−R)2+h2
(a+R)2+h2 ,
η± = ha±R
ln f0 = 1η− arctan η− − 1η+ arctan η+.
(15)
This is a complicated function of R/a, where the local aspect
ratio 2h/a is the unique parameter. If we define the variable
x =
R − a
h (16)
which measures the radial separation from the singularity R = a
in units of the disc semi-thickness h, and
ǫ =
h
2a
, (17)
which is the quarter of the aspect ratio, we find that
χ0 = ln 4 − ln
√
(1 + x2)(1 + ǫx)2
ǫ2 + (1 + ǫx)2
− x arctan 1
x
+
1 + ǫx
ǫ
arctan
ǫ
1 + ǫx
. (18)
The function χ(x) is plotted in Fig. 2 for h/a = 0.1 (that is ǫ =
0.05). To order zero around x = 0, Eq. 14 reads
χ0 ≈ 1 + ln 4
ǫ
+ ǫx − π
2
|x| − ln
√
1 + x2 + x arctan x. (19)
We see that χ0 reaches a maximum value of 1 + ln 4ǫ ≫ 1 at
R = a, and is slightly asymmetric with respect to x = 0, since
we have χ0(x = +1) ≈ χ0(x = −1) + 2ǫ.
-3 -2 -1 0 1 2 3
x
3
4
5
6
χ 0
R
=a
-h
R
=a
+h
~h/a
Fig. 2. Variation of χ0 with x according to Eq. 14.
3.2. Effect of vertical stratification
We can probe the sensitivity of χ to vertical stratification by con-
sidering the following profiles :
ρ(z) =

ρ0
[
1 −
(
z
h
)2q]
for |z| ≤ h,
0 otherwise,
(20)
where ρ0 is the density at the disc mid-plane (possibly a func-
tion of a) and q ≥ 1 is an integer. These correspond to finite size
discs. When q = 1, the profile is close to a Gaussian distribution,
a case found for instance in vertically isothermal disc at hydro-
static equilibrium (e.g., Chiang & Goldreich 1997; Hirose et al.
2006; Edgar & Quillen 2008). As q increases, the vertical profile
becomes flatter and flatter. For q → ∞, we recover the homoge-
neous case considered above.
We can calculate χ again from Eq. 13, but using Eq. 20. From
Eq. 2, we get Σtot = 2q2q+1Σ0, and then
χ = χ0 +
1
2q
(
χ0 − χq
)
, (21)
where we have defined
χq = (2q + 1)
∫ 1
0
( z
h
)2q
kK(k)d zh . (22)
We can perform the integration using the expansion of K(k)
around k′ = 0, as above. To the lowest-order, we have
χq = ln 4 − ln k′± − ln fq, (23)
where
ln fq = (−1)q
arctan η−
η
2q+1
−
− arctan η+
η
2q+1
+
(24)
−
q∑
k=0
(−1)k η
2(k−q)
− − η2(k−q)+
2k + 1
 .
This expression can be rewritten in a different form since
each sum represent the first q + 1 terms of the expansion of the
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arctan function. In particular, a form appropriate to numerical
computations around the singularity is
ln fq = (−1)q
[
η
−2q
−
(
π
2|η−|
− 1
η−
arctan
1
η−
)
(25)
−
q∑
k=0
(−1)k
2k + 1η
2(k−q)
−
 + η2+ ∞∑
k=0
(−1)kη2k+
2(k + q) + 3 .
We see that χq is a function of R/a, and h/a is the parameter.
Using again the variable x and the ǫ-parameter, we find
χq = ln 4 − ln
√
(1 + x2)(1 + ǫx)2
ǫ2 + (1 + ǫx)2 (26)
− (−1)q
x2q (π2 |x| − x arctan x
)
−
q∑
k=0
(−1)k
2k + 1 x
2(q−k)

−
(
ǫ
1 + ǫx
)2 ∞∑
k=0
(−1)k
2(k + q) + 3
(
ǫ
1 + ǫx
)2k
.
The function χq is displayed versus x in Fig. 3 for h/a = 0.1 and
different values of q. Around x = 0, Eq. 26 becomes
χq ≈ 12q + 1 + ln
4
ǫ
+ ǫx − ln
√
1 + x2
− (−1)qx2q
(
π
2
|x| − x arctan x
)
, (27)
and we note that
χ0 − χq = 2q2q + 1 +
[
(−1)qx2q − 1
] (π
2
|x| − x arctan x
)
. (28)
The maximum of χq still occurs at R = a (see Fig. 3) :
χq,max ≈ χ0,max − 2q2q + 1 . (29)
Again, we note that the difference χq(R = a+h)−χq(R = a−h) ≈
2ǫ is insensitive to q at the actual order of precision.
Finally, for the vertical profile defined by Eq. 20, χ follows
from Eqs. 18, 21, and 26. We see that χ reaches a maximum at
R = a, and
χmax ≈ 1 + ln
4
ǫ
+
1
2q + 1
, (30)
for q ≥ 1. For large values of the q-parameter, χ → χ0. Figure
4 displays χ versus x for h/a = 0.1 and different values of q.
It is remarkable that χ is very weakly sensitive to the vertical
profile and that χ remains very close to χ0 (the homogeneous
case), especially for |x| & 1.
3.3. Full generalization
The generalization of the above result is relatively straightfor-
ward for profiles of the form
ρ(z) = ρ0
∞∑
n=0
cn
( z
h
)2n
, (31)
where cn are real coefficients. In this case, we find that
χ =
1
Σtot
∞∑
n=0
cnχn
2n + 1
, with Σtot = Σ0
∞∑
n=0
cn
2n + 1
, (32)
-3 -2 -1 0 1 2 3
x
3
4
5
6
χ q
q=0 (homogeneous case)
1 (parabolic)
2
3
8
5
R
=a
-h
R
=a
+h
~h/a
~h/a
Fig. 3. Variation of χq with x according to Eq. 23 for h/a = 0.1
and different values of q, namely q = 0 (the homogeneous case),
q = 1 (the parabolic case), q = 2, 3, 5 and q → ∞.
-3 -2 -1 0 1 2 3
x
3
4
5
6
χ
-0.1 0 0.1
5.6
5.7
  q=   8
 (homogeneous case)
1 (parabolic)
2
3
5
~5.382
~5.715
~h/a
~5.753
Cosine
Fig. 4. χ versus x for the mass density profile defined by Eq. 20.
The cosine profile discussed in Sect 4.2 is also shown.
where χn is found from Eq. 26. Again, χ is a function of x, and
ǫ is the parameter. It is especially convenient to write χ as
χ = χ0 + δχ0, (33)
where δχ0 is the deviation relative to the homogeneous case. We
note that δχ0 is generally small compared to χ0 as long as the
bulk of the mass is localized in the disc mid-plane. We conclude
that χ is determined mainly by the homogeneous contribution χ0,
provided that the matter is gathered around the mid-plane. For
x → 0, we get from Eqs. 19 and 27
δχ0 = − Σ0
Σtot
∞∑
n=0
cn
2n + 1
{
2n
2n + 1
(34)
+
[
(−1)nx2n − 1
] (π
2
|x| − x arctan x
)}
.
We see that χ reaches a maximum value at x = 0. This value is
χmax = χ0,max − Σ0
Σtot
∞∑
n=1
2ncn
(2n + 1)2 . (35)
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4. Application to softened gravity : a prescription
for the softening length
4.1. The avoidance of point mass singularities
As mentioned, the complete elliptic integral K exhibits a log-
arithmic divergence as its modulus k → 1. This is the direct
consequence of the point mass singularity (i.e., |r − r′| → 0).
The determination of accurate potentials from Eqs. 3 and 5 is
therefore not straightforward and requires a careful treatment
of improper integrals (e.g., Stemwedel et al. 1990; Hure´ 2005;
Hure´ & Pierens 2005). This technical difficulty is usually cir-
cumvented by changing the relative separation according to
|r − r′| ←
√
|r − r′ |2 + λ2, (36)
where λ , 0 is a constant known as the “softening length”.
The main drawback is that softened gravity modifies Newton’s
law for gravitation both on short and long ranges. It lowers the
magnitude of forces, enhances stability, and introduces a bias in
models that is not easy to measure and interpret (for stellar and
gas discs see, e.g., Papaloizou & Lin 1989; Saio & Yoshii 1990;
Romeo 1994; Sommer-Larsen et al. 1998; Dehnen 2001).
In the case of gaseous discs of interest here, the modifica-
tion of the relative distances according to Eq. 36 changes the ex-
pressions for Ψflat and Ψthin. It is however easy to show that the
associated “softened” potentials denoted Ψflats and Ψthins , respec-
tively, can still be written in terms of Eqs. 3 and 5, respectively,
provided that the modulus k is replaced by
ks =
2
√
aR√
(a + R)2 + z2 + λ2
, (37)
and m is replaced by
ms =
2
√
aR√
(a + R)2 + λ2
. (38)
In disc models and simulations, one never (or rarely) computes
Ψthin, or its fully asymmetric/tri-dimensional version (see how-
ever Li et al. 2009). Instead, one computesΨflat in the framework
of softened gravity, that is Ψflats . The softening length λ appear-
ing in Eq. 38 must therefore be prescribed. We note that solving
Eq. 38 for λ leads to
λ
h =
√
m′s
2
1 − m′s2
4aR
h2
− (a − R)
2
h2
, (39)
where m′s =
√
1 − m2s is the complementary modulus.
4.2. A prescription for the softening length λ
Many prescriptions for λ have been proposed. In general, this
is not a constant but a certain function of the radius and/or disc
parameters. Table 1 gathers a few formulae for λ used by dif-
ferent authors over twenty years. Although not exhaustive, this
list clearly shows that there is no trend in magnitude and varia-
tion in space (and possible dependency on the disc parameters).
The results obtained in Sect. 3 can help substantially to define
the appropriate prescription for λ. We can see from Eqs. 5 and
7 that the gravitational potential in the mid-plane of a thin disc
is equivalent to the softened potential caused by a flat disc pro-
vided that λ is the root of the equation
ΣtotmsK(ms) −
∫ +h
−h
ρkK(k)dz = 0, (40)
Reference softening length λ
Papaloizou & Lin (1989) 0.056 × (aout − ain) × f (a,R, ain, aout)
Adams et al. (1989) 0.1 × R
Saio & Yoshii (1990) {0.01, 0.02} × aout
Shu et al. (1990) 0.1 × R
Morishima & Saio (1994) 0.02 × aout
Sterzik et al. (1995)a 0.06 × λc
Laughlin et al. (1997) 0.1 × ain, 0.1 × aout, and 0.001 × R
Laughlin et al. (1998) 0.0001 + 0.01R × f (a, ain, aout)
Tremaine (2001) β × R, with β ≈ 10−4 − 0.2
Caunt & Tagger (2001)b H = 2h
Baruteau & Masset (2008) 0.3 − 0.5h (depending on scale height)
Li et al. (2009)c ≈ 0.17 to 0.33 × ∆a
this workd f
(
h
a
, R
a
)
≈ h/e at R = a, homogeneous case;
see Eqs. 26, 32, 42 and 39
aλc is the critical wave length of disturbances.
bconcerns the magnetic potential.
c∆a is the grid spacing, 3D-disc.
daxisymmetric limit, finite size disc (inner edge ain, outer edge aout),
symmetry with respect to the mid-plane, finite size layer (thickness
2h = H), explicit function of vertical stractification, local validity.
Table 1. Various prescriptions for the softening length adopted
in some simulations of self-gravitating gaseous discs (see also
Fig. 1).
-3 -2 -1 0 1 2 3
x
0,3
0,4
0,5
λ/
h
~1/e ~0.3679
R
=a
-h
R
=a
+h
Fig. 5. Softening length normalized to the local semi-thickness
h versus x as computed from Eq. 39 for h/a = 0.1 in the homo-
geneous case.
for all R. Only a numerical approach can yield the exact value
of λ, if it exists. However, a good approximation to this root
can be obtained by considering the expansion of the complete
elliptic integral of the first kind over its complementary modulus,
as considered in Sect 3. To the lowest order, Eq. 40 becomes
ln 4
m′s
− χ = 0, (41)
where χ is given by Eq. 32. In other words, this is
m′s = 4e−χ. (42)
We therefore conclude that the appropriate prescription for λ,
valid over a few disc thicknesses around the singularity R = a,
is given by Eq. 39, where m′s is found from Eq. 42.
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0,001 0,01 0,1
ε=h/2a
0,3655
0,366
0,3665
0,367
0,3675
0,368
λ/
h 
at
 th
e 
m
in
im
um
 x
=0
see Fig. 5
Fig. 6. The softening length at the minimum x = 0 for the verti-
cally homogeneous profile.
4.3. Results for various stratifications
It follows that λ is proportional to h, and depends both on x and ǫ.
It is also sensitive to the vertical stratification through the func-
tion χ. Figure 5 displays λ/h versus x for h/a = 0.1 in the ho-
mogenous case (i.e., for χ ≡ χ0, or δχ0 = 0). We see that, in the
range of validity, λ goes through a minimum for x = 0. There,
we have k′± ≈ h/2a and f0 ≈ 1/e and then the minimum is
λ
h ≈
1
e
× 1√
1 −
(
h
2ae
)2 ≈ 1e ×
1 +
(
ǫ√
2e
)2 . (43)
This value is almost insensitive to the disc aspect ratio, pro-
vided that the disc is geometrically thin. This is shown in Figure
6, where we plot λ/h at the minimum versus ǫ. We note however
that the main variations of λ occur over a radial range of the
order of 2h (i.e., the total disc thickness). The thinner the disc,
the sharper the variation around the singularity.
Figure 7 displays λ/h for the mass density profile given by
Eq. 20 and for q = {1, 2, 3, 5,∞}. At x = 0, we have the general
formula
λ
h ≈
e−(1+δχ0)√
1 −
[
h
2a e
−(1+δχ0)
]2 . (44)
Since δχ0 = 12q+1 in this case, we also have
λ
h ≈ e
− 2q+22q+1 =
1
e
× e− 12q+1 . (45)
4.4. An example of vertical mass density profile expandable
in infinite series
To illustrate the generality and power of the result, we consider a
cosine profile of the form ρ(z) = cos πz2h which is a typical exam-
ple where matter distribution is expandable in infinite series of
the altitude. Actually, this profile can also be expanded by means
of Eq. 31 with the following coefficients :
cn =
(−1)n
(2n)!
(
π
2
)2n
. (46)
The corresponding function χ is then deduced from Eq. 32
and λ is computed from Eqs. 39 and 42. Results are displayed in
-3 -2 -1 0 1 2 3
x
0.2
0.3
0.4
0.5
λ/
h
q=1 (parabolic case)
23
~0.3679
~ 0.2636
R
=a
-h
R
=a
+h
5
8
(homogeneous)
Cosine
~0.2539
Fig. 7. Softening length normalized to the local semi-thickness
h versus x as computed from Eq. 39 for h/a = 0.1. The density
profile is according to Eq. 20 with q = {1, 2, 3, 5,∞}. The cosine
profile is also shown.
Figs. 4 and 7 for χ and λ/h respectively. In particular, at x = 0,
we have
δχ0 = −π
∞∑
1
(−1)qq
(2q + 1)2(2q)!
(
π
2
)2q
= 0.371... (47)
which results in λh ≈ e−1 × 0.690 ≈ 0.2539 (this value would
be obtained from Eq. 45 for q ≈ 0.849, which is close to the
parabolic case).
5. Concluding remarks
In this paper, we have reported the first reliable prescription for
the softening length λ to be used in the numerical determina-
tion of the gravitational potential of geometrically thin discs
within the framework of softened gravity. This expression has
been found by rigorously comparing the Newtonian potential of
a geometrically thin disc (of finite thickness) with the softened
potential of a flat disc. This is a function of the radius and disc
local aspect ratio, and also depends on vertical stratification. It is
accurate at the singularity and around (typically a few disc thick-
nesses in radius). Although this formula is valid only locally, and
obtained in the axisymmetric limit, it should help to improve the
quality (realism, accuracy, and computing time) of 2D- and 3D-
simulations1. If necessary, the accuracy of the prescription can
be improved by considering higher order terms in the expanded
complete elliptic integrals of the first kind.
Finally, it would then be interesting to generalize our re-
sults i) to mass density profiles that extend to infinity, such as
the Gaussian profile (which corresponds to vertically isothermal
discs), and ii) to the entire disc since this prescription is expected
to be inaccurate far from the singularity.
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